We solve two-dimensional large-N QCD in the presence of a nonzero baryon number B, and for arbitrary quark mass m and volume L. We fully treat the dynamics of the gluonic zero modes and check how this affects results from previous studies of the B = 0 and B = 1 systems. For a finite density of baryons, and for any m > 0, we find that the ground state contains a baryon crystal with expectation values for ψ γ µ ψ that have a helix-like spatial structure. We study how these evolve with B and see that the volume integral of ψ ψ strongly changes with the baryon density.
I. INTRODUCTION
A first principles calculation of QCD properties in dense environments is a challenging problem facing the community working on non-perturbative aspects of QCD. This is mostly due to the severe sign problem inflicting lattice simulations at these densities. Trying to avoid the sign problem typically leads one to study relatively low densities [1] . Other approaches such as analytic weak/strong coupling expansions come with their own shortcomings : weak coupling expansions [2] rely on the smallness of the effective interaction between he quasiparticles of dense QCD, but these interactions really become weak only for asymptotically large chemical potentials [3] . On the other hand, lattice strong-coupling methods [4] are, of course, far from the continuum limit. Furthermore, the approach of using the gauge/gravity duality is also not free of difficulties [5] : it is truly systematically controlled only when the curvature scale associated with the classical gravity solution is small in its natural units.
Unfortunately, the classical solution for a single or few baryons has strong curvatures and can get O(1) corrections from higher derivative terms in the effective low energy action, which are currently unknown. For a large number of baryons one also needs to assume small curvatures, and this restricts one to a translational invariant states which may have little to do with the true ground state.
Given the above theoretical status, we find it surprising that the soluble system of large-N QCD in 1 + 1 dimensions -the 't Hooft model [6] -has not been generally solved for such densities. For example, the interesting works of Refs. [7] either restrict to zero quark mass, or expand in the value of the m. Unfortunately, for such values of m the two-dimensional baryon is almost massless and may behave very differently from a four-dimensional baryon.
A different theoretical approach to this problem is presented in Ref. [8] and invokes the 'Eguchi-Kawai' equivalence [9] . We defer a short discussion on Ref. [8] to our summary.
The aim of this paper is therefore to solve two-dimensional large-N QCD for general values of the quark mass m, the baryon number B, and the spatial volume L.
The outline of this paper is as follows. Section II describes the results of our previous publication [10] where we derived an IR and UV regularized form of the 't Hooft classical Hamiltonian, and its corresponding 't Hooft equations. Besides depending on m, on B, and on L, this construction depends on the lattice spacing a and on an additional technical parameter which we denote by M and that needs to be taken to ∞. The role of M is to discretize a certain continuous variable on which the solution of the 't Hooft equations depends. Comparing the construction of Ref. [10] to other works such as Ref. [11] we see that these instead have set M = 1. Such choice is inconsistent with the dynamics of the spatial glue fields, especially when the volume is small (see [12] , [13] , and [10] ). Thus, in Section III we check what is the effect of increasing M from 1 on the properties of the ground state for B = 0 and B = 1, which were already calculated previously in Ref. [11] . Section IV contains our main results and describes the way a crystal is formed if the system contains a variety of baryon numbers in the range 0 ≤ B ≤ 30. In Section V we confirm the presence of a partial volume reduction anticipated in Ref. [10] . Section VI summarizes our results.
II. THE CLASSICAL 'T HOOFT HAMILTONIAN H F AND ITS MINIMIZATION
In Ref. [10] we made a first step towards solving large-N QCD in 1 + 1 dimensions
for arbitrary values of baryon number, volume, and quark mass. For the purpose of selfcompleteness we use the current section to repeat the main results of that paper.
We derived a regularized form of the 't Hooft classical Hamiltonian which is both UV and IR finite by using the canonical formalism defined on a one-dimensional spatial lattice of spacing a and volume L = aL s (here L s denotes the number of lattice sites). The fermion discretization of our choice was a single species of staggered fermions, which gives rise to a single Dirac fermion in the continuum (i.e. there is no residual doubling).
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Since our system is IR regularized by a finite box, we cannot gauge away the spatial gluons completely. Specifically, a set of N − 1 zero modes which correspond to the eigenvalues of the spatial 'Polyakov loop' remain dynamical. Taking this into account and using the coherent state formalism of Ref. [14] we obtained a form for the 't Hooft Hamiltonian that depends on the expectation values of the Polyakov loops and of the fermion bilinear opera- 
In terms of the functions φ the regularized 't Hooft Hamiltonian becomes (here we also regularize the infinite number of functions to be the finite number M)
Ls
Here and below the bare massm and bare 't Hooft couplingλ are dimensionless and related to the corresponding dimensional quantities m, λ viâ
Also, the set of M 'density matrices' ρ a xy is given by
The B-dependence of Eq. (2.7), together with the way H F (φ) depends on B, is the way the baryon number enters the discussion (in the Hamiltonian approach one constraints the quantum Hilbert space to obey Gauss law and for the SU(N) gauge theory that we study this includes fixing the global U(1) baryon charge B). 2 Finally, note that the prime on the sums means that the terms with a = b and l = L s are excluded (l generally gets integer values between 1 and L s ). This exclusion is a direct result of our IR regularization and of the correct treatment of the zero modes. It is exactly this exclusion that becomes the principle value prescription often used in differently regularized treatments of the 't Hooft model.
Let us make an important remark already alluded to in the previous section: in [10] we showed that the choice of M = 1 (instead of M = ∞), that was made elsewhere (for example in [11] ), is effectively equivalent to incorrectly treating the spatial gluonic zero modes and that it amounts to choosing the expectation values of the spatial Polyakov loops to be nonzero. This is wrong and leads to erroneous results. In particular, it implies that the volume dependence of the Hamiltonian is in contradiction with general arguments of the sort of [9] (for a detailed discussion on this point see [10] ). In the current paper we test how increasing M from 1 to larger values of O(15 − 25) fixes this problem, and we do so for different values of B. This extends the B = 0 discussion of [12] and corrects the results of Ref. [11] for B = 1.
Going back to the derivation of the 't Hooft equations, we perform the variation of H F with respect to the M functions φ
and we find the they obey the following M coupled nonlinear differential equations (here we used the Lagrange multiplier ǫ a n to enforce Eq. (2.2))
Since K ab explicitly depends on φ, solving Eq. (2.9) is a self-consistent process which we perform by beginning with a random choice for ρ a xy , inserting it into h a xy , diagonalizing the latter M matrices to obtain the M sets of eigenfunctions φ n a (x), and these then provide us with a new estimate of ρ a xy . This process is iterated until convergence is observed. The only restriction our initial random choice of ρ needs to obey is 
Finally, to calculate the values of quark bilinears we build a single Dirac fermion from the staggered fields and what we get is 18) where here X = ax/2, x = even. In some of the plots that appear in forthcoming sections we present UV-regularized results for ψ † γ µ ψ (X). The regularization we choose is to subtract the corresponding values in the free theory. Specifically, anticipating large-N volume independence, we subtract the free theory expectation values at infinite volume. In Appendix A we show that this means we should perform the following subtractions
. Also, we always find that ψ γ 1 ψ = 0 which means that time-reversal symmetry is intact. This, of course, also happens in the free theory (see the appendix). In this section we wish to see how sensitive are the values of the quark condensate and baryon mass to the technical parameter M. In [10] we showed that the erroneous M = 1 choice corresponds to setting the spatial Polyakov loops to unity while M = ∞ sets them to zero. Thus, we expect that the volume dependence in the former case to be strong, while in the latter it should disappear (for the connection between the expectation values of the Polyakov loops and volume dependence see [9, 10] . This expectation is confirmed by the results presented in Fig A glance at the lower panel of Fig. 1 might be alarming: our data seems to be quite far from the analytic solution in the regime of large quark masses. This, however, is a
lattice artifact as we demonstrate in Fig. 2 . There, we plot the m-dependence of the quark condensate for different lattice spacings, and for L λ/(2π) = 32 (M was set to unity here since the 1/M corrections should be small for this volume). Indeed, we find that as a λ/(2π) drops from 0.123 to 0.0615 to 0.03075, the deviations of the data from the prediction of [15] decrease. We take the deviations of the a λ/(2π) = 0.03075 data from the analytic prediction to reflect the numerical convergence error of our calculation, the 1/M, and 1/L corrections, as well as the numerical error involved in evaluating the analytic expressions of Ref. [15] . To check that these deviations are under control we plot in Fig. 3 Next we wish to examine the single baryon ground state. We begin by plotting, in and become a massless delocalized objects. We see that the other quark bilinears, ψ ψ and ψ iγ 5 ψ , also modulate in space, but we postpone discussing this modulation to the next section.
Also plotted in Fig. 4 is the prediction for the soliton density of a single soliton in the sine-Gordon model. As argued in [7, 11] this prediction should agree with the 't Hooft model's baryon density, but only for sufficiently small values of m/ √ λ. To emphasize the importance of having m/ √ λ ≪ 1 for this argument we mention that, in the approximation made in Ref. [7, 11] , the width of this soliton is determined by the value of ψ ψ in the chiral limit, and one neglects all finite-m contributions to the latter. Remarkably, however, we see that the agreement between the prediction and our data is good even for m/ √ λ ≃ 0.4, where the value of ψ ψ differs by a factor of 4 from its value in the chiral limit. This agreement is not expected. For even smaller quark masses of m/ √ λ ≃ 0.02 − 0.1 it was also a surprise to the authors of Ref. [11] . Here, and throughout the current paper, we see that such agreement seems good even for much heavier quarks than these. To make this point stronger we plot To analyze the lattice corrections in our calculation we plot, in Fig. 6 , the baryon density invariance. That this symmetry can break is a result of taking the large-N limit : the energy cost of moving the baryon is proportional to N, and the latter is strictly infinite in our work.
For finite values of N the true ground state will presumably have total zero momentum and will not break translations. A finite density of baryons can, however, induce a spontaneous breakdown of translations, even at finite N. This will happen if the ground state contains a crystal of baryons which leaves invariant only a subgroup of the full translation symmetry.
The cost of moving such a crystal scales like (N × Volume) and so will be infinite in the thermodynamical limit, for finite values of N as well. 5 6 In any event, we work at N = ∞, and so in our case even a single baryon breaks translation invariance.
We proceed by analyzing the baryon mass m B which we calculate by subtracting the energy of the B = 0 ground state from the energy of the B = 1 ground state. Again, this was first done in Ref. [11] , but by using M = 1. Here we wish to check whether the volume A. Further comparisons with the sine-Gordon soliton
As mentioned above, for light quarks obeying m/ √ λ ≪ 1 the continuum version of the classical Hamiltonian H F reduces, for a certain ansatz for ρ a xy , to the Hamiltonian of the sine-Gordon model [11] . For B = 1 this ansatz is the sine-Gordon soliton and in this subsection we wish to check our calculations further by comparing the energy and height of the sine-Gordon soliton with m B and with the maximum of the baryon density ρ max .
We begin by performing continuum extrapolations for m B and ρ max obtained for three values of the quark mass : m/ √ λ = (0.5, 0.25, 0.05)/ √ 2π. These results were calculated using M = 15 and L λ/(2π) = 16, 24, 48 respectively, and are presented in Figs. 8 and 9.
In Fig. 10 we compare the continuum values of m B and ρ max to the following predictions of the sine-Gordon model.
As the figure shows this prediction agrees with our data for small enough masses. Specifically, this means that the baryon mass and the inverse of its width, decrease with the quark mass to zero, and that that they so approximately like the Sine-Gordon model predicts, i.e. linear in √ m. Thus, at small masses, the baryon turns into a delocalized massless excitation of the vacuum. This is very different than the way the four-dimensional baryon behaves in the chiral limit, and is precisely the reason we wanted to solve the 't Hooft model for general quark masses.
IV. FINITE DENSITY AND THE EQUATION OF STATE
This section contains the main results of our study: the ground state of a system at nonzero baryon density. The densities we study are obtained by putting a large baryon number of 0 ≤ B ≤ 30 in a box of fixed size L. We begin by presenting, in Figs. 11-13, the results of the quark condensate ψ ψ /N and the density ψ † ψ /N as a function of the spatial coordinate for different values of the quark mass, the lattice spacing, the volume, and
What we find is that for any nonzero value of B, translation symmetry is spontaneously broken and that at large enough values of B/L, a crystal is formed.
The crystal that we find is a direct result of the repulsion between the baryons. This repulsion was mentioned as an aside in Ref. [11] , and in this paper we show it explicitly when we discuss the equation of state (see the next subsection). In higher dimensions one also expects that a formation of a crystal, as long as N is infinite [16] . To understand this think about the baryons as classical interacting particles (rather than emergent coherent objects that do not fluctuate). In this picture a baryon-baryon potential can either be repulsive or attractive, depending on the dynamics. In the former case (which is what happens in the single flavor 1 + 1 case, as we show in our paper), putting a bunch of baryons in a box obviously creates a crystal. What happens in four dimensions? physical, 3-color, baryons have long-distance attraction in four dimensions, but there is still a hard-core repulsion at short distances. Thus, the distance at which the baryon-baryon potential has a minimum, is a finite, O(Λ QCD ) value, which we denote by r 0 . If this picture survives the large-N limit, then the absence of fluctuations at that limit tells us that the inter-baryon distance will exactly be r 0 , which means that they will form a crystal at infinite volume.
Naturally, the crystal structure is contaminated with lattice artifacts when its wave length is close to the lattice spacing (see the odd looking structure of the crystal for B = 30 in the right panel of Fig. 11 ). These artifacts go away when we either decrease the density (see B = 10 in the same figure) or decrease the lattice spacing (see B = 30 in the right panel of Fig. 12 ). This phenomenon, of increasing lattice artifacts with increasing density, is of course anticipated in advance, and is usually referred to as 'lattice saturation': it happens when the number of baryons per site is close to 1, which is the maximal number that Pauli-exclusion principle allows for a theory with a single flavor.
In Fig. 14 we plot ψ iγ 5 ψ /N, and find that it is also spatially modulated. In Fig. 15 we show that this crystal has a helical structure: both ψ ψ /N and ψ iγ 5 ψ /N are plotted versus the spatial coordinate. The parameters of the data plotted are the same as those used to generate Fig 14. In Fig. 16 we repeat the plot presented in Fig. 15 , but for a lighter quark mass of m/ √ λ = 0.05/ √ 2π. In Fig. 17 we present the baryon density for the light quark case and compare to the predictions of the sine-Gordon crystal -see [7] . The agreement is impressive. We present similar plots for heavier quark masses of m/ √ λ ≃ 0.2, 0.4, 1.2, 2.4 in Fig. 18 . The deviations from the sine-Gordon crystal are increasing with increasing m/ √ λ, but at a relatively modest rate.
Next, we integrate ψ ψ over the volume and present the results versus the density in Fig. 19-20 . What we find is that the volume averaged value of ψ ψ drops with the density in a way that becomes stronger with decreasing quark mass.
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and seems to be quite close to our data, especially for large enough density. This means that there is a smooth transition from Baryon physics to free quark physics as the density increases. 7 This seems to be a nontrivial result and it would be very interesting to understand it better.
Note that the fact that the E(B) is quadratic in B at large-B means that the would-be binding energy ∆, which is given by
is proportional to B, is growing, and is always positive. This means that there is no binding in 1 + 1 and a single flavor, or put differently that the baryons repel each other. This also means that they would create a crystal when put together in a box, as we showed in the previous subsection.
In the lower panel of 
V. PARTIAL VOLUME INDEPENDENCE AT LARGE-N
The goal of this section is to check the following simple observation that was made in Clearly, the observation we make in this section can have an important practical consequence: if it works in four dimensions as well, it can save computational resources for lattice Monte-Carlo simulations. To see this observe that what determines the size of the lattice corrections is the ratio a/∆, where a is the lattice spacing and ∆ is the crystal wave length. Thus, to put more baryons in a box, we need to decrease the lattice spacing, and fixing the physical volume, this means increasing the number of lattice points, and thus the calculational cost. If however, we assume that the physical baryon is close to the infinite-N baryon, then according to what we find in this section, we can study large densities by putting a single baryon in a box whose physical size is small. This can be accomplished by just decreasing the lattice spacing, but by keeping the number of lattice sites fixed. At any given volume, the ratio a/∆ is equal to a/L, but the latter is equal to 1/N s , with N s denoting the number of sites in one of the lattice directions, which is kept fixed and large.
The usefulness of this proposal is predicated on two assumptions. First we assume that physical, 3-color, QCD is well approximated by its large-N limit, even in the presence of baryons. We do not see any obvious problems with this assumption. Second, it assumes that in four dimensions the ground state of the dense system is a crystal. Moreover, it assumes that the crystal structure is commensurate with the lattice topology (i.e. that it is a simple cubic). As we say in the previous section, because we are at large-N a crystal is expected to form in any number of dimensions, and at finite-N this crystal may dissolve, but can leave behind a nontrivial structure in correlation functions, that can be studied with the suggestion we make in this section.
The question of whether the formed crystal is simple-cubic is a dynamical one and remains an unproven assumption in our context.
VI. SUMMARY AND CONCLUSIONS
In this paper we studied large-N QCD in 1 + 1 dimensions and solved for its ground state given arbitrary baryon number B, quark mass m, and spatial volume L. We used the Hamiltonian lattice formalism and regularized the theory in the IR by placing it in a finite spatial box. This IR regularization prevents us from gauging away the spatial gluons completely, and a set of gluonic zero modes remains and plays a crucial role at small volumes and/or large baryon densities. These zero modes were ignored in some studies of this theory at B = 0 and B = 1 and here we analyzed the effect such a mistreatment has on the value of quark condensate ψ ψ at B = 0, and on the baryon mass. Next we analyzed the ground state of a variety of baryon numbers in the range 0 ≤ B ≤ 30, and how it depends on the volume, on the lattice spacing, and on the quark mass. We find that these ground states break translation invariance and form a crystal for large enough densities, and that this crystal is characterized by a helical structure in the quark bilinear condensate densities. For light quarks our results closely resemble those obtained analytically by Schon and Thies in Ref. [7] who used an ansatz that reduces the 't Hooft equations, for m/ √ λ ≪ 1, to the corresponding equations in the sine-Gordon model. This work also ignores the gluonic zero modes (which seems justifiable since it focused on the infinite volume limit). In any event, such an agreement is not expected a priori because, first, we make no ansatz for the ground state (but rather minimize the classical Hamiltonian of the system numerically), and, second, most of the quark masses we explore are not light, and some are quite heavy
In general, and for any value of m > 0, our results show that the ground state of large-N QCD in 1 + 1 dimensions strongly depends on the baryon number B. In particular, for any B ≥ 1 the ground state breaks translations. To see how this dependence is reflected in the grand-canonical ensemble, we used the way the ground state energies depend on the baryon number and calculated the quark chemical potential µ. This results in the phase structure sketched in Fig. 25 : there is a phase transition that occurs at a value of µ equal to the baryon mass (divided by N) and that separates a phase which has zero density, that is µ-independent, and that is invariant to translation symmetry, from a nonzero density phase with spontaneously broken translation symmetry and in which physical observables strongly depend on µ.
Finally, it is interesting that when we calculate the equation of state, we find that for large-B, the energy grows quadratically in B. This also means that the baryons repel each other, which explains the formation of the crystal. We also see that this quadratic growth is quantitatively quite close to the quadratic growth in the equation of state of free massless quarks (see Fig. 21 and Section IV A). Thus it seems that for a single flavor and in 1 + 1 dimensions there is a smooth connection between baryon physics at small/moderate density and free quark physics at large densities.
As mentioned in the introduction, Ref. [8] has attempted to approach large-N twodimensional QCD by studying, instead of 't Hooft model itself, its associated 'zero-volume'
Eguchi-Kawai (EK) matrix model [9] . The main conclusion of Ref. [8] is very puzzling:
large-N QCD in 1 + 1 dimensions is argued to be completely independent of the baryon chemical potential. This, if correct, contradicts simple physical intuition (and of course contradicts all the results of Refs. [7, 11] and of the current paper). Specifically, what the conclusions of Ref. [8] mean is that there are no baryons in two dimensions and so this also contradicts section IX of Ref. [17] .
One of the reasons why the conclusion of [8] is questionable is the following. The use of the EK prescription by the authors of Ref. [8] assumes that the euclidean Dirac operator factorizes in momentum space. This assumption is predicated on having a ground state that is invariant under translations. If the latter symmetry is spontaneously broken in the ground state, then a quark can change its momentum by interacting with momentumcarrying condensates, and such interactions invalidate the factorization property assumed by the authors of Ref. [8] . 8 Put differently, one can easily show that the generating functional of momentum-carrying quark bilinears, such as dx ψ (x) ψ(x) e iQx , which break translations, cannot be calculated with the momentum factorization used by Ref. [8] . Indeed, general arguments tell us that Eguchi-Kawai reduction will take place only so long as the ground state is translation invariant (see for example the first paper of Ref. [14] ), and since we show that for µ > m B /N translation symmetry spontaneously breaks, then one cannot use the EK matrix model to study the field theory in that regime.
Another reason why one may question the conclusions of Ref. [8] was exposed in Ref. [10] and is related to general features of the way baryon density would behave within single-site models. The issue is simply stated: if we have any nonzero baryon number B ≥ 1 on a lattice that has a single site, then, by construction, we force the baryon density to be at the cutoff scale, i.e. of O(1/(lattice − spacing)). This is true for any lattice coupling, and does not get 'better' as we take the naive continuum limit by sending the bare lattice spacing to zero. Thus, by their definition, single-site models can either have zero density, or density at the cutoff scale, and no densities in between. Indeed, this explanation fits well with the findings of Ref. [8] , where a transition from a zero density phase to a nonzero density phase with O(1/(lattice − spacing)) density is reported. This was also seen in [19] . While Ref. [8] interprets this as having no dependence on the chemical potential in two-dimensional QCD,
we suggest that by working on a single site, the approach of Ref. [8] is 'forcing' the system to show only this unphysical behavior. It seems reasonable that the real, physical, transition would be seen only if one had a finite number of sites L s , and that to keep lattice artifacts under control, one would have to send L s to infinity. With such a finite number of sites, one may also be able to see the breakdown of translation symmetry. 
APPENDIX A: FREE THEORY SUBTRACTIONS
For the purpose of subtracting the UV divergences from expectation values, we calculate the values of the quark condensate for the free theory in this appendix. Our starting point is the differential equation for φ in the free theory, which we obtain by settingλ = 0 into Eq. (2.10). This gives
It is convenient to define a new lattice with double the lattice spacing and a unit cell that contains two fields. We choose the following convention (from here on we suppress the index a since it enters Eq. (A1) trivially)
In terms of φ e,o (X), Eq. (2.10) becomes the following two sets of coupled equations
Since X obtains the values 1, 2, 3, . . . , L s /2 we Fourier transform it as
where
. Substituting this into Eqs. (A3)-(A4)
gives the following matrix equation
whose orthonormal eigenvectors are
and whose eigenvalues are ǫ
For a fixed value for the baryon number B, the elements of the matrix density ρ xy are set by Eq. (2.7) and in our case the index n in that equation corresponds to the combination of the momentum index p and the ± index of Eq. (A7). Since we are seeking for the solution with minimum energy, the sum over the combined index n ≡ (p, ±) that forms ρ xy (see Eq. (2.7)) includes the following :
•
and so by including all of them we lower the energy to a minimum).
• A set of B eigenvectors φ + (p) whose energy ǫ + (p) is the lowest. Below we denote the set of momenta that corresponds to these eigenvectors by F .
Focusing only on the diagonal elements of ρ, this results in the following form
Using Eqs. (2.15)-(2.16), and after some algebra, we obtain
Eq. (A9) tells us to subtract 1/2 from the density of the interacting theory, hence Eq. (2.19).
In the infinite volume limit the remainder is
which gives us the value of the Fermi momentum p F = π Fig. 8 and Fig. 9 to the predictions of the sine-Gordon soliton. 
